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Abstract

We derive analytically the relative velocity vector and relative velocity magnitude be-
tween two particles on confocal Keplerian orbits.
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1 Introduction

Hilton et al. 1996 [I] and Hilton 2002 [2] used a two-body scattering angle as a filter for
determining significant asteroid-asteroid close approaches. The scattering angle ¢ in the
center-of-mass frame is given by

tan® = Gl +ms) (1)
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where m; and mo are the asteroid masses, b is the impact parameter, and v is the magnitude
of the relative encounter velocity. Thus, the relative encounter speed is important to the
observed effects of an encounter deflection. It is possible for a distant encounter at low
relative speed to suffer a larger deflection than a closer encounter at higher relative speed.
In this Note, we calculate explicitly the relative encounter velocity and its magnitude for
two confocal Keplerian orbits, in terms of relative orbital elements {«, €1, €2, ¢, w, ; E1, Eo}.
First, however, we present the relative elements in terms of the orbital elements of the two

orbits with respect to some intertial frame, {ag, e, tg, wi, Q, Mi}, k= 1,2.

2 Relative Elements and the Relative Distance Vector

Consider the set of relative orbital elements {«, e, €2, t,w, ; E1, Eo}, where

a2
oa=— 2
= @
the relative orientation elements {¢,w,} are as shown in Figure [I} and F;(t) and Ea(t)
are the eccentric anomalies of the two bodies. The transformation from separate orbital

elements for each orbit to relative elements is given by (Murison and Munteanu 2007 [3])

cosQlsint = sinwi sincesin A — coswi (sinegcosty — costsinigcosASQ)
sinQ2sine = coswysintgsinAS) + sinw; (sinejcostg — costysiniecosAQ)
cosw siny = sinwssine;SinAS) 4 cosws (costsintg — sinecostocosASQ) (3)
sinwsine = — coswasiney sinA) + sinws (costsintg — sineg costacosALQ)
cost = COSL1COSLy + sinegsinegcosAS)

where AQ = Qs — Q1. The eccentric anomalies can be calculated from the respective mean
anomalies via the Kepler equation,

E(t) —esinE(t) = M(t) =n(t — 1) = Mo + n(t — to) (4)



where My is the mean anomaly at epoch ¢ = tg, 7 is a time of pericenter passage, and n
is the mean motion 27/T with T the orbital period. With equations and we may
transform from separate orbital elements with respect to some inertial frame at epoch tg to
relative elements.

A

Figure 1: Relative orbital elements.

In terms of the relative elements, and with respect to a coordinate frame whose x axis is
along the pericenter and z axis is parallel to the angular momentum vector of orbit 1, the
relative distance vector is

allﬁ(t) _ allm ~T1) = aQ(Qnw) - T(Ea) — T (Ey) (5)

where in general a Keplerian orbit may be expressed in the form 7 = aQ (Q,1,w) - ¢ (E),
where the vector

cosE —e
q(E)= |V1—-e2%sinE (6)
0

specifies the position along the orbit path, and the orbit orientation matrix Q (Q,¢,w) is a
product of three orthogonal rotations,

cos{) cosw — sinf) sinw cost  —cosf) sinw — sinf? cosw cost  sin{? sine
Q(Q,1,w) = |sinf cosw + cos) sinw cost  —sin€? sinw + cos{2 cosw cost  —cosf sine
sinw sine cosw sint cost

(7)
This formulation cleanly separates the orbit scale a, the shape of the orbit e plus the position
of the particle at a given time ¢, and the orientation of the orbit in space Q (£, ¢,w).



3 Relative Velocity

Differentiation of the relative distance vector yields the relative velocity vector,

1— . 1dR _ A7 (B2(1) 7 (Ev(1)
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Now, from the Kepler equation , we have

n
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Define a mass parameter
where M is the central mass. Since M > my,
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where g, = T&. Thus, for the asteroids % ~ 1and p1 = puo = GMg = pe. The mean

M
2.3

motion and semimajor axis are related by Kepler’s third law, y = n“a® (where, in general,

i is G times the sum of the two masses). Hence, we may generally write
—sink

dq¢ _0q,_ . n 0q¢_ 1 [fp| "
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Let B=a—-1= “2&;16‘1 Then the relative velocity, , becomes

ar <, 1 1 8?(E2) . 1 8?(E1)
1/ 1o V(t) = \/El — e9c0sEy Q1w 0Fs 1 —ejcosk; OFE;

where the velocity is scaled by the velocity of a circular orbit of radius aq,

1
In component form, eq. is
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where

Cov/1 — e%cosEg — Cysinks
§(E17 Ey) = C14/1 — €3cosEy — CssinFy (16)
(cosw\/l — e%cosEg — sinwsinEg)sinL

and
C1 = —sinf)sinw + cosf? cosw cost
Cy = —cosf)sinw — sin{2 cosw cost (17)
C3 = sin) cosw + cos{2 sinw cost
Cy = cos{) cosw — sin§? sinw cost

Upon squaring , we find the relative velocity magnitude,

1+ ejcosEq 1 14 eocosEy 2 g(El, Eg) (18)
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“vo| -
%0 ( )
where

g(E1,Ey) = /1-— e%cosEg (C’“/l — e?cosEy — CgsinE1>
— sinB, (Cyy/1 = feosEr — CysinF )

An optimized C function to calculate eq. is shown in the Appendix (Section . For
completeness, expanding on e, we have

(19)
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4 Appendix: Optimized C Code for the Squared Relative
Velocity

double vsquared( double E1, double E2, double el, double €2,
double beta, double iota, double peri, double node )

{
double t6 = sin(node);
double t7 = cos(peri);
double t19 = t6*t7;
double t5 = cos(node);
double t18 = t5*t7;
double t8 = sin(peri);
double t17 = t6*t8;
double t16 = t5*t8;
double t11 = cos(E2);
double t1 = e2*e2;
double t20 = sqrt(1.0-t1);
double t15 = t20*t11;
double t14 = e2*t11;
double t12 = cos(E1);
double t13 = el*t12;
double t10 = sin(E2);
double t9 = cos(iota);
double t4 = 1.0+beta;
double t2 = 1.0/(t13-1.0);
double t24 = sqrt(t4);
double t34 = el*el;
double t36 = sqrt(1.0-t34);
double t45 = sin(E1);
return ( (-t13-1.0)*t2
+(-2.0/624%( £12%((-t17+t9%t18)*t15-(£19+t9*£16)*t10)*t36
+ ((t9*619+t16)*t15-(-t184+-t9*t17)*t10)*t45 )*t2
+ (-t14-1.0)/t4 )/(-1.0+t14) );
}
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