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Abstract

We calculate the partial derivatives of the observable quantities {a,d, 7,7}, where «
is the right ascension and § is the declination, with respect to the two-body orbital
elements {a,e,t,Q,w, F}, where F is the eccentric anomaly. These observables are
the only ones available, at least in principle, for the determination of orbital elements
of orbiting bodies. We avoid the complexity of expressing the observables directly in
terms of orbital elements by instead expressing them in Cartesian coordinates and then
invoking the chain rule for derivatives.
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1 Components of the Two-Body State Vector

1.1 The Position Vector

ascending node

Figure 1: The orbital elements and angular momentum vector.

Figure [I] shows an orbit with the standard set of orbital elements {a,e,t,w, 2, 0}, where

—
0 is the true anomaly and h is the angular momentum (per mass). To reduce expression
complexity, we shall use the eccentric anomaly E as the fast angular variable instead of the
true anomaly. See Figure 21

An unperturbed two-body elliptical orbit radius vector can be written

7 (E) =aQ(Q,,w) - 7 (E) (1)

where a is the semimajor axis, e the orbital eccentricity, ¢ the orbital inclination, € the
longitude of the ascending node, and w the argument of pericenter. The position/shape
vector is

7 (E) = <cosE —e,\/1— e%sinE, 0> (2)
and the orbit orientation matrix is
cos{lcosw — sin{2sinwcost  —coslsinw — sinflcoswcose  sinflsine

Q (2, t,w) = |sinQcosw + cossinwcost  —sinQdsinw + cos{lcoswcost  —cos{sine (3)
sinwsine coswsineg CoSL



Figure 2: The geometric relation between true anomaly 6 and eccentric anomaly E.

where

Q(Q,1,w) = R2(Q) - R (1) - Rz(w) (4)

is the composition of the rotation matrices

1 0 0

Rz ()= |0 cosyp —siny (5)
|10 siny  cosy |
[cosyp  —siny 0]

R. () = |singy cosyp 0 (6)
| 0 0 1]

The matrices (@) and (@) individually rotate a vector counterclockwise around the respective
z or z coordinate axis of an inertial frame. (Alternatively, one may interpret these as
rotating the coordinate frame clockwise about the respective axes.)

The formulation () cleanly separates the orbit scale a, the shape of the orbit plus the
position of the particle at a given time ¢ (¢) (with E(t) obtained via the Kepler equation),
and the orientation of the orbit in space Q (2, ¢, w).

1.2 Scalar Distance

The matrix Q(€,¢,w) is orthogonal, since it is composed of orthogonal matrices. Hence,
Q(Q, L,w)T - Q(Q,t,w) = Z, where Z is the identity matrix. The magnitude of the radius



vector can therefore formally be derived from (II) as

2 _ =T .

= 2(?T.QT).(Q.?)
q¢T-(Q7-9 -7
I-79)

r

I |
<
<

I
2. 2 2 a8
NN N

From the definition (), ¢ = (1 — ecosE)?. Thus, the scalar distance is

r(B) =T (B) -7 (B) =a/ T (B) -7 (E) = a(l — ecosE) (8)

1.3 Radial Velocity
The radial velocity is the time derivative of the magnitude of the position vector. If we
write the velocity vector in radial and perpendicular parts,

U =7+ 100 (9)
One immediately sees that the projection onto the line of sight of an observer at the coor-
dinate origin is

—

VT =7 (10)

We shall use ) to calculate 7. We first need E. Thus, take the time derivative of the
Kepler equation

E —esinE =M =n(t—7) (11)
where n is the mean motion and 7 is the time of pericenter passage, to get

E(1 —ecosE) =n (12)
which by ({) is just
na
E=— 1
) (13)

Differentiating (§]), we find our result,

2

= %esinE = %esinE (14)
1.4 Velocity Vector
The two-body velocity is, by differentiating (I,
04 (B)
v =aQ( : E 15
7 =aQ(@,1,0) 210 (15)



From @), ), and ([I3)) follows the result

- na 94 (E)
— "M o :
R —— AL @) OF
na —sink (16)
= ——09(Q,w) - |V1—e2cosE
1 — ecosE 0

2 Partial Derivatives of the State Vector

2.1 Position

From () it is straightforward to calculate the partial derivatives of the position vector
with respect to the orbital parameters {a, e, t,€,w, E}. First, though, recall that p = n?a?
(Kepler’s third law), where g = G(mj + mg) conveniently hides most of the physical units.
Thus, for the derivative with respect to semimajor axis, we see by the Kepler equation,

(D), that the eccentric anomaly is an explicit function of semimajor axis, so that

oF 3n
90 = a7 {an
We then find
o7 07 (E)
OE aQ(82, 1, w) OF (18)

=aQ(Q,t,w) - <—sinE, 1— 62COSE,O>

or - 0q(E)OFE
o Q2 ,w) (q (E) a OF %) (19)
— % — g%(t —7)Q(Q,1,w) - <—sinE, V1 — e2cosE, 0>
or =aQ(Q,,w) 0q(E)
Oe de (20)
= —aQ(Q,t,w) - <1 _esink O>
- ] 9 m?
or 092 v, w) 7(E) (21)



2.2 Velocity

For the quantity na that appears in the velocity terms (cf. eq. (I6)), we have

na = (22)

N

One must be careful to not naively take d(na)/0a = n. Right away, something must be
wrong with that, since na is a velocity (the circular velocity of an orbit with radius a), and
physical intuition indicates that an increase in semimajor axis should cause na to decrease.
Instead we must take the derivative of the right-hand side of ([22]). Hence,

Olna) _ 0 Jp_ 1w _ 1
da _8a\/z_ oV a3~ 2" (23)

One must also remember the dependence of E on semimajor axis in the derivative of o’
with respect to a (cf. eq. ([IT)). The partials of the velocity vector (@) then become

ov 1 n 0q(E) na 0°¢(E)0E
i S S 1) . 0 Rl B Sedicind
da 21— ecosE AL, ¢, w) OF 1 — ecosE A8, 4, w) OE?  Oa
E (24)
17 3 na\ 2 cos
= ——— 4+ —(t— — . — e2si
5, —|—2(t T)<'r> Q(Q, 1, w) - [V1 (c;smE
ov na cosE  90¢(E) 0*q¢(E)
de  1—ecosE A8 w) - (1 —ecosE  OF JEde )
na cosk —sink 0 (25)
e — 9] . o /1 _ .2 —ecoskE
1 — ecosE AL, ) 1 — ecosE L 8 cosb| 13 1662
ov na  0Q(Q,w) 0q(E)
o{Q,w} 1 —ecosE O{Q,1,w} OE (26)

B na  09(,t,w)
1 —ecosE 9{Q,1,w}

<—sinE, 1— €2COSE,O>

@ __ —na O 1,w) - esinE  07q (E) B 82?(2E)
oFE 1 — ecosE 1 —ecosEE OF OFE
o esinE —sinF cosFE (27)
=——0O(Qw) | ————=|V1—¢€2cosE| + |V1—e2sinE
1 — ecosFE 1 — ecosFE 0 0



For completeness, in the Appendix we explicitly expand eqs. ([I)-@I) and 24))-27) to
component form. A file containing C language subroutines that numerically calculate the
derivatives in eqs. (I8)-(2I) and 24)-27), optimized with respect to cpu time, is available
at http://www.alpheratz.net /murison /dynamics/twobody /twobody_partials.cl

3 Observables and the State Vector

When observing orbiting bodies in the Solar System, we potentially have up to four observ-
able quantities. The angular position on the plane of the sky is specified by two observables,
say right ascension and declination, and is provided by classical astrometry. The radial ve-
locity can be had from spectroscopy or doppler radar. Finally, the scalar distance can be
found by radar ranging. In Section [, we will calculate the partial derivatives of these
observables with respect to the orbital elements. First, though, it will be convenient to
determine the partial derivatives of the observables with respect to the Cartesian state
vector

? - <xay7 2’73’572)7@ (28)

as an intermediate step, and then invoke the chain rule for derivatives. This approach is

more useful because it would be difficult to express the observables directly as functions of

the orbital elements. Thus, we need to relate explicitly the observables to the components
—

of S.

3.1 Astrometric Angles

oy [E L R e

X

Figure 3: Right ascension o and declination .
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From Figure [3] we see that

T = rcosdcoso
y = rcosdsina (29)
z = rsind

where « is the right ascension and ¢ is the declination. We can write (29) compactly as the
unit vector

R
The inverse is then
(@,8) = G(7) (31)
From (29)) (or by inspection of Figure ), eq. ([BI) becomes
sind = =
r
sina = y/r = 23/ >
Ji-Gp? V2Pt (32)
cosq = /r °

Ji= G VR

We therefore can easily convert back and forth between the position vector and the angular
observables, and from (B2]) we can calculate the Cartesian derivatives of {a,d}.
3.2 Scalar Distance

The scalar distance is just

P TP (33)

3.3 Radial Velocity

The radial velocity can be written

7'?:7-?: i+ yy + 22 (34)

r Va?Fy? + 22
4 Partials of the Observables

”:1:

We shall now calculate the partials of the observables with respect to the Cartesian state

vector components, 9% Once that is done, then eq. in section [£4] can be evaluated
p Dsp q

for the partial derivatives of each observable with respect to each of the orbital elements.



4.1 Astrometric Angles
From egs. ([82), we find

O Yy
or a2 +1y2
O T
= _ = 35
oy a2+ (35)
Oa
i 0
and
9wz 1
R Ny
00 yz 1
TN o
a5 A2
0z r2
4.2 Scalar Distance
From (33]) we have
or _ {=zy,z}
oy}~ v (7
4.3 Radial Velocity
From (34]) we calculate
0F (b}
8{1’,y, Z} - r ?”2 {xvyv Z} (38)
and
o {=zy,z}
ofa,g, 2} v (39

4.4 Evaluation of the Partial Derivatives

Let p € {a,e,t,Q,w, E} be an orbital parameter, and let ¢ € {«,d,r,7} be an observable.
Then the partial derivatives of the observables with respect to the orbital elements can be
written

= 6
dp Do 95 _Z&p Sy,
k=1

= — 4
o o9 Op — Jsi, Op (40)
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—
where s, = [S } i is the ™™ component of the Cartesian state vector, eq. (28). Equation (@0)
is the fundamental relation. The derivatives %—S}f are given by egs. (I8)-(ZI) and 24)-27),
and the g—i are given by eqgs. (30))-(#0).

5 Appendix: Explicit State Vector Derivatives

Recall that the state vector in Cartesian components is

—
S ={r,y,2,4,9,%) (41)

From eqgs. (I8)-@I) and @24)-(21) we explicitly calculate the components of the partial
derivatives of S with respect to the orbital elements {a,e,¢,Q,w, E}. Optimized C code
subroutines for calculating these derivatives numerically is available at
http://www.alpheratz.net /murison /dynamics/twobody /twobody_partials.c.

—V1 — e?(cosQsinw + sinlcoswcost)sinE — (cosE — e)(—cosQcosw + sinQsinwcost)
—V1 — e2(sinQsinw — cos{lcoswcost)sinE + (cosE — e)(sin{2cosw + cosQsinwcost)

5g [\/ 1 — e?coswsinFE + (cosE — e)sinw} sine
e | 32+ [\/ 1 — e?(cosQsinw + sinQcosweost)cos E — sinE(—cos{cosw + sinQsinwcost)

s [—\/1 — e2(—sinQsinw + cosQcoswcost)cosE + sinE(sinQcosw + COSQSianOSL)]
%% (—\/1 — e2coswcosE + sinwsinE) sine

3n(t—r1)
21 — ecosE
[ V1 — e2(cosQsinw + sinQcoswcost)cosE — (—cosQcosw + sinQsinwcost)sinE
V1 — €2(sinQsinw — cosQcoswceost)cosE + (sinQcosw + cosQsinwcost)sinE
(—\/ 1 — e?coswcosE + sinwsinE) siny
X —-n
(1—ecosE)

(1—ecosE)?

L [\/ 1 — e2coswsinFE + (cosE — e)sinw] sint

L (1—ecosE)?

(42)

11

5| V1 — e?(cosQsinw + sinQcoswcost)sinE — (cosE — e)(—cosQcosw + sin{2sinwcost)
L V1 — e?(—sinQsinw + coslcoswcost)sinE + (cosE — e)(sinf2cosw + cosQsinwcost)
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nacosly

(1—ecosE)?

a| —cosflcosw + sin{lsinwcost + \/% (cosQsinw + sinQlcoswcost)sinE
—€
a| —sinQcosw — cos{dsinwcost + \/%(sinﬂsinw — cos§coswcost)sin F
—€
—a (sinw + V%coswsinE) sine
—€

[(—cochosw + sinQsinwcost)sinF — Cosi\/% (cosQsinw + SinQCOSu)COSL)]

(1—ecosE)?

nacost [— (sinQcosw + cosQsinwcost)sinE — ©SE=¢ (sinQsinw — cosQcosweost)

V1—e?

__nacosll [—sinwsin E+ COSE*ecosw] sin¢

(1—ecosE)? V1—e2

(43)

[y {mcoswsinE + (cosE — e)sinw] sin{2sin¢

—a [ﬂcoswsinE + (cosE — e)sinw] cos{2sint
95 a {mcoswsinE + (cosE — e)sinw} cost

o e (\/mcoswcosE - sinwsinE) sin{2sine

l—ecosE

TooonsE (\/ 1 — e2coswcosE — sinwsinE) cos{2siny

na (\/ 1 — e2coswcosE — sinwsinE) cost

l—ecosE

(44)

a [\/ 1 — e2(sinQsinw — cosQcosweost)sinE — (cosE — e)(sin{2cosw + costinwcom)}

a [— V1 — e?(cosQsinw + sinQlcoswcost)sinE — (cosE — e)(—cosQcosw + SinQSianOSL)]
0
no [\/ 1 — e?(sinQsinw — cosQcoswcost)cosE + (sinflcosw + COSQSiHWCOSL)SinE}

l—ecosE

s [—\/ 1 — e?(cosQsinw + sinf2coswcost)cosE + (—cos§lcosw + SinQSianOSL)SinE]
0

(45)

a|v1 — e2(—cosQcosw + sinQsinwcost)sinFE — (cosE — €)(cosQsinw + sinQcoswcost)

—a [m (sinf2cosw + cosQsinwcost)sinE + (cosE — e) (sinQsinw — cosC2coswcost)
a [—msinwsinE + (cosE — e)cosw] sine

T V1 — €2(—cosQcosw + sinQsinwcost)cos E + (cosQsinw + sinQcosweost)sinE

e | =V 1 — €2 (sinf2cosw + cosQsinwcost)cos 4 (sin{dsinw — cos{cosweost)sin
—nd (\/ 1 — e?sinwcosE + coswsinE) sin¢

l—ecosE

(46)
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—a [\/1 — e2(cosQsinw + sinQcoswcost)cos B — (—cosQcosw + sianianOSL)sinE}

na

(1—ecosE)?

na

(1—ecosE)?

—a [m (sinQsinw — cosQcoswceost)cosE + (sinflcosw + COSQSianOSL)SinE}

a (\/mcoswcosE — sinwsinE) sine
[m (cosQsinw + sin{lcoswcost)sinE + (cosE — e)(—cosQcosw + Sianinwcosa)}
[m (sinQsinw — cosQcoswcost)sinE — (cosE — e)(sinQcosw + costianOSL)]

% [\/1 — e?coswsinE + (cosE — e)sinw} sine

(47)
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